The detailed numerical simulations of the IV-characteristics of Josephson junction under external electromagnetic radiation show devil's staircases within different bias current intervals. We have found that the observed steps form very precisely continued fractions. Increasing of the amplitude of radiation shifts the devil's staircases to higher Shapiro steps. The algorithm of appearing and detection of the subharmonics with increasing radiation amplitude is proposed. We demonstrate that subharmonic steps registered in the famous experiments by A. H. Dayem and J. J. Wiegand [Phys. Rev 155, 419 (1967)] and J. Clarke [Phys. Rev. B 4, 2963 (1971 ] also form continued fractions.
Josephson junctions are regarded as excellent model systems for studying a variety of nonlinear phenomena in different fields of science [1, 2] such as frequency locking, chaos, charge density waves, transport in superconducting nanowires, interference phenomena and others [3] [4] [5] [6] . These phenomena, and especially properties of the Shapiro steps (SS) [7] in Josephson junctions are very important for technical applications [8] .
In a Josephson system driven by an external microwave radiation, the so-called devil's staircase (DS) structure has been predicted as a consequence of the interplay of the Josephson plasma frequency, and the applied frequency (see Refs. [9, 10] and references therein). To stress the universality in the scenario presented, we note that the devil's staircase appears in other systems including the infinite spin chains with long-range interactions [11] , frustrated quasi-two-dimensional spin-dimer system in magnetic fields [12] , systems of strongly interacting Rydberg atoms [13] , and fractional quantum Hall effect [14] . A series of fractional synchronization regimes (devils staircase) in a spin-torque nano-oscillator driven by a microwave field was experimentally demonstrated [15] . The devil's staircase is considered as an outstanding example of a 'phase diagram' in physics, because it shows a high degree of self-organization [16] .
A detailed experimental investigation of the subharmonic SS in SNS junctions were made by J.Clarke [17] . He found that the application to a junction of rf electromagnetic radiation of frequency Ω induced constantvoltage current steps at voltages (n/m) Ω/(2e), where n and m are positive integers. The results were explained based on the idea that phase difference in Josephson junction is increasing in time in a uniform manner and current-phase relation is nonsinusoidal. The junction generates harmonics when it biased at some voltage and these harmonics may synchronize with the applied radiation to produce the steps. Another famous experiment on the behavior of thin-film superconducting bridges in a microwave field by A. H. Dayem and J. J. Wiegand [18] also demonstrates the production of constant-voltage steps in the IV-characteristics. Some experimental results are explained by nonsinusoidal current-phase relation [19, 20] . Ben-Jacob with coauthors [10] found the subharmonic steps within the resistively and capacitively shunted junction model (RCSJ) with purely sinusoidal current-phase relation [21, 22] .
In this Letter we clearly show by high precision numerical simulations that IV-characteristic of a Josephson junction under microwave radiation exhibit DS structure of subharmonic Shapiro steps. To prove that we have a devil's staircase, we show its self-similar structure. The proof comes by analyzing the results in terms of the continued fractions [23, 24] . We show that the steps observed in many previous experiments [3, 17, 18, [25] [26] [27] [28] [29] and numerical simulations [4, 9, 10, 30] form the continued fractions. We analyze the data of famous experiments of Clarke (see Ref. [17] and Fig. 9(a) ) and Dayem-Wiegand (see Ref. [18] and Fig. 16 ) in terms of continued fractions and show that the steps observed in these papers also form very precisely continued fractions.
Assuming the RCSJ model, we employ the following system of equations for the phase difference ϕ across the junction, taking into account the external radiation with frequency ω and amplitude A:
Here the dc bias current I and ac amplitude A are normalized to the critical current I c , the voltage V to the V 0 = ω p /(2e) (ω p is the plasma frequency), time t to the ω
, β c is McCumber's parameter). In this study, we set β = 0.2. Overdot indicates derivative with respect to the dimensionless time. In our simulations we used mostly 0.05 as a step in time, 10 4 as a time domain for averaging with 10 3 units before averaging, 10 −5 as a step in bias current. The details of simulation procedure are described in Ref. [31] . There is a manifestation of the second harmonic, i.e. integer, Shapiro step at V = 2ω = 1, and the fifth and sixth, at V = 2.5 and V = 3, respectively. Let us consider carefully the part of IVC marked by circle which is enlarged in Fig. 1(b) . A series of steps in the form of (N − 1/n)ω, where N = 6 and n a positive integer, is observed between 5ω and 6ω. We note that these steps are approaching the 6-th harmonic from below. As A is increased the chaos region is expanded and DS structure disappears. But instead it develops above the 6-th SS harmonic. Figure 1(c) shows IV-characteristic of the same Josephson junction at A = 0.9 with the DS structure which is enlarged in Fig. 1(d) . The steps are approaching the 6ω harmonic from above and follow formula (N + 1/n)ω, again with N = 6 and n a positive integer.
The analysis of the various observed staircase structures leads us to the conclusion that in general the steps follow the formula for continued fractions, given by
where N, n, m, p, . . . are positive integers. We will call the terms that only differ in N , first-level terms. They describe Shapiro steps harmonics. The other terms describe the subharmonics, or the fractional steps. Those differing in N and n, we call second-level terms; those differing in N , n and m, third-level terms, etc. Usually the mathematicians use the positive sign to express continued fractions [23, 24] . We have included the ′ − ′ for convenience only; this allows us to easily analyze the subharmonics in the chosen interval of voltage (or frequency). Another reason to use the continued fractions with negative sign is following. The formula with positive signs puts the physically equal sequences of subharmonics in different levels of formula. Consider the sequences 3/2,4/3,5/4... and 1/2,2/3,3/4... which describe the subharmonics placed on the same distance from the first Shapiro step; i.e. at ω. In all plus continued fractions they are related to the different levels described respectively by formulas N+1/n and (N − 1) + 1/(n + 1/m) with N = 1 in first case and N = 1, n = 1 in the second case. Including the ′ − ′ allows us to use N ±1/n, with ′ + ′ for the first and ′ − ′ for the second sequence, and keeping N = 1 for both sequences. The algorithm of continued fractions is schematically presented in Fig. 2 . We show by numbers in the circles the SS harmonics (red online). Second level of continued fractions gives two groups of subharmonic steps (blue online): (N − 1) + (1/n) and N − (1/n). First group is approaching N − 1-th SS, and second one is approaching N -th SS. So, if the sequence in the interval (a,b) is building to approach the step "a", need to take "+", and if the sequence is approaching the step "b", then "−". To find subharmonics corresponding to the third level we first determine the interval we are interested in; this entails, choosing n and n + 1, which are then kept constant, as m is varied. Each of them leads to the appearance of the other two groups, approaching the first and second term. In Fig. 2 we show the sequences of third level between the subharmonics with n = 1 and n = 2 also. Other sequences are formed by the same algorithm. Now, we set out to show the different levels of continued fractions of the devil's staircase. The DS in the IV-characteristic of the Josephson junction at ω = 2 and A = 0.5 is presented in Fig. 3 . In one-loop IVcharacteristic, shown in the inset to Fig. 3(a) , we see that the return current is low enough to allow the V = 2 step to develop. The steps reflect the second level of the continued fractions (N − 1/n)ω with N = 1. There is no half-integer step at 1/2 in this IVC because of large value of the return current at chosen parameters. ω marked by rectangle in (a); (c) The steps 7 9 ω and The staircase bounded by the subharmonics, 3/4 and 4/5 and marked by a rectangle in Fig. 3(a) , is enlarged in Fig. 3(b) . In particular, we see the sequence 4/5, 7/9, 10/13, 13/17..., reflecting the third level continued fraction (N − 1/(n + 1/m))ω with N = 1, n = 4 and the sequence 3/4, 7/9, 11/14, 15/19..., reflected (N − 1/(n − 1/m))ω with N = 1, n = 5. Moreover, the part between the steps 7 9 ω and 4 5 ω also marked by rectangle in this figure, is enlarged in Fig. 3(c) . We found here the steps 7/9, 11/14, 15/19, 19/24, reflected the fourth level of continued fractions (N − 1/(n + 1/(m + 1/p)))ω with N = 1, n = 4, and m = 1, and the sequence 4/5, 11/14, 18/23, reflected (N − 1/(n + 1/(m − 1/p)))ω with N = 1, n = 4, and m = 2. Voltages found in our high precision numerical simulations, coincide with the corresponding values calculated by formula (3).
Let us finally discuss the experimental results on the subharmonic steps in IV-characteristic of a Josephson junction in presence of rf radiation. Our main statement is that the set of the constant voltage steps found in the previous experiments [17, 18, 25, 26] are structured such that is reproduced by the continued fractions.
We first consider the experiments of Clarke, and in particular look at Fig. 9(a) in Ref. [17] . In Fig. 4(a) we reproduce these experimental results and compare them with continued fractions in the corresponding intervals of voltage. Voltage is normalized to the value of the first Shapiro step. In the interval between the zeroth and first SS the subharmonic 1/2 is registered, reflecting the sequence N + 1/n with N = 0, n = 2. In the second SS interval (1,2) a series 1, 3/2, 5/3 is fixed which follow V = (N − 1/n) with N = 2. In third (2,3) and forth (3,4) SS intervals the steps at voltages 3/1, 5/2, 7/3 and 4/1, 7/2,..., 13/4 follow the fractions V = (N + 1/n) with N = 2 and N = 3, respectively. In the last series, it was only the 10/3 step that was not found.
The subharmonics which were experimentally measured by A. Dayem and J. Wiegand in Ref. [18] precisely follow the continued fraction formulas also. Figure 16 of Ref. [18] shows the IV-characteristics at different power levels, for applied microwave radiation at 4.26 GHz. In Fig. 4(b) we also reproduce these experimental results and compare them with continued fractions. The subharmonic steps in SS intervals (0,1) and (1, 2) were found. The analysis shows that the steps 0, 1/2, 2/3, 3/4 follow (N −1/n) with N = 1 and the series 1/n is just (N +1/n) with N = 0. For clarity we enlarge this part of figure in the inset. In the SS interval (1,2) the experiment shows the steps 2/1, 3/2, 4/3, 5/4 according to N + 1/n with N = 1, and 1, 3/2, 5/3 according to N −1/n with N = 2. It seems that there is a misprint in the original paper: the step around V = 4µV denoted as 1/5. Actually, it is the step 2/5 and it follows the third level of continued fractions N + 1/(n + 1/m) with N = 0, n = 2, m = 2. We see also in the analyzed figure the signature of the step 3/5 between 1/2 and 2/3, followed N − 1/(n − 1/m) with N = 1, n = 3, m = 2, which was not marked by authors. We note that in Ref. [25] the authors observed two series of subharmonic steps up to sixth order (n = 6) experimentally. We consider these to be special cases of Eq.( 3): the first series corresponds to V = (0 + 1/n)ω and the second to V = (1 + 1/n)ω.
Reports on measurements of dc electron transport and microwave dynamics of thin film hybrid Nb/Au/CaSrCuO/YBaCuO planar Josephson junctions were presented in Ref. [26] . The authors observed tunnellike behavior, and oscillations in sync with the applied radiation at integer and half-integer steps. For a junction fabricated on c-oriented YBCO film the devil's staircase structure was observed under microwave irradiation at 4.26 GHz.
In summary, the detailed numerical simulations of the IV-characteristic of a Josephson junction under microwave radiation allowed us to demonstrate a self-similar structure of Shapiro steps subharmonics known as a devil's staircase. We conclude that in many experimental and simulated physical systems, in various fields, the response function of the driven system has the devil's staircase structure, characterized by a continued fraction.
Yu 
